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Ha  will  oow  daflaa  tha  aat  of  rulaa  that 
Eoaataju  had  eoatldarod*  Aa  la  Kauth  ClJ,  «*■ 
coaaldar  atraya  of  9'a  aad  I'a  rathar  thaa  ar- 
raya  of  arbitrary  aiaibara. 


S.  Kao  Koaaraju  C2]  la  cooaldarlop  tha 
auaatloa  of  how  ooa  caa  aort  oa  parallal  aa> 
chlaaa  waa  load  to  eooaldor  parallal  aachlaaa 
that  art  orgaaliod  lato  o>a  arraya,  l.a. , eoa- 
flguratioaa  whara  tha  (l.J)tli  aachlaa  caa  aaip* 
BMlcata  only  with  tha  aachiaaa  (1*1. j)>  (1*1. j). 
(1,J*1).  and  (l.J-1).  Tha  guaacloo  la.  of 
eouraa.  aot  whathar  auch  arraya  can  aort  but 
rathar  bow  faat  thay  can  aort.  to  particular. 
Koaaraju  waa  load  to  a apaclflc  alapla  aat  of 
rulaa  for  tha  bahavlor  of  tha  nachlDoa  and  than 
eoajacturad  that  for  thaaa  rulaa  aortlng  ra- 
gulrad  at  note  0(n)  tlna.  Our  prlaclpla  raault. 
howawor,  la  tha  fallura  of  chla  cenjoctura.  la- 
dood.  wa  will  danooatrata  that  Koaaraju'a  rulaa 
ragulra  In  warat  caaa  at  laaat  eal(c>0  conataat) 
tlaa. 

lha  fact  that  Koaaraju'a  rulaa  fail  to  aort 
la  0(a)  tlaa  loadt  ua  to  coaaldar  tha  ganaral 
guaatloas  ato  all  "local"  rulaa  (la  a raaaoo- 
Ala  aanaa)  uaabla  to  aort  la  0(a)  tlaa;  ladoad. 
do  all  auch  rulaa  rogulro  at  laaat  cn^  tlaa  la 
oarat  coaa.  Yha  avldonca  that  wa  hava  to  aup- 
port  thia  conjaetura  la  a aarlaa  of  rulaa  alat* 
lar  to  Koaaraju'a  that  all  hava  worat  coaa  oort- 
IM  tlnoa  of  cn^.  On  tha  otkor  hand.  It  la 
haown  (Yhoopaon  (3))  that  thara  ara  arraya  that 
caa  aort  la  0(n)  tlaa.  Howavar.  thaaa  arraya 
uaa  gulta  nonlocal  rulaa;  hoaea.  thoy  do  not  eoa- 
tradlet  our  conjaetura  but  Inataad  aarva  to  halp 
dallalt  tha  notion  of  local. 

Tha  aotlvatlon  for  atudylag  Koaaraju'a  coa- 
Jacturo  la  twofold,  rirat.  tha  quaatlon  of 
whathar  or  not  a local  aat  of  rulaa  con  aort  la 
0(a)  tlaa  la  oa  Intaraatiag  problaa.  Sacood.  If 
thara  la  a aat  of  local  rulaa  that  caa  aort  la 
0(a)  tlaa.  than  It  aay  bo  poaalbla  to  build  hard- 
wara  chat  loplonanta  dlractly  auch  on  array. 

riaally.  a noto  about  tha  orgonliacloa  of  - 
tha  mat  af  tha  papar.  In  aoetlon  2 wa  will  pro- 
ooat  Koaaraju  rulaa  and  than  prova  la  oaceloa  3 
that  thaaa  rulaa  ragulra  cn^  tlaa  la  worat  caoa. 
to  aoetlon  4 wa  will  akotch  oovaral  othor  aya* 
tana  of  rulaa  with  tha  aooa  worat  coaa  bahavlor. 


(1)  Bwbl0i  Xf  a 0 oppaara  dlractly  above 
a 1.  latarchaago  tha  0 aad  1. 

(2)  Snakm;  If  a 0 appoara  dlractly  la 
front  of  a 1 la  a "anaka  ordar"  oa  tha 
array,  aid  rula  (1)  doaa  not  apply  to 
thla  0 or  1.  than  Intarehoaga  tha  0 
OBd  1. 

LotClag  (l.J)  ropraaont  tha  row  1.  coImo  J call 

of  tha  array,  tha  "onoka  ordar"  la 

(l.l)(1.2)...(l.a)(2.a)(2.a-D... 

(2.1)(3.1)(3.2)...(3.n) 

andlag  la  (a.a)  for  a odd  and  (n.l)  for  a avaa. 

Thla  la  ahowa  for  n-4  aad  a>3  la  Flguro  1. 


figurt  1:  Snako  ardor  oa  boarda  of  a>4  ood  awS 

A atop  la  tha  aortlag  procaaa  la  froa  tha 
currant  eonflguratlim  of  O' a and  I'a  to  a now 
configuration  la  which  all  iatarchaagoa  ollowad 
by  tha  rulaa  applied  to  tha  eurroat  conflgura* 
tlaa  actually  occur.  Thua.  tha  procaaa  doaa 


-lT>* 

•h4 

— 

- - 



— 

— 

*4t4 

Tha  atruetura  of  tha  coapueaCtoa  may  ba  41alda4 
lata  tha  follovlag  ptacaa: 

Step# 

Stapa  *1  t f2  a, -2 


■asp  ataultaoaoua  lacaretaangaa.  Tha  tlaa  ra- 
gulra4  hy  thaaa  rulaa  la  than  eba  aiaibar  of 
Bttcti  pavalial  atapa  uatll  no  rulaa  ara  applte- 


thmormm;  Thara  aataca  an  a«a  biaary  array  n 
gulrlag  ca*  (oO)  ttaa  to  aort  uaiag  tha  Koa' 
araju  aortlag  rula. 

troef: 

tmaamat  a ■ 4t«3 

k - (a-l)/2 
Tha  array  haa  tha  fora 


(tha  tlaa  aaalyata  will  ba  gtvaa  latar). 

OtfPivfaw  of  bahaoior:  Wa  will  elala  that  tha 
aourea  ftald  aalta  I'a  at  a uatfora  rata,  that 
thay  aova  up  tha  Aj  ehaanal  at  tha  aaaa  rata  to 

tha  "1/2  my"  point,  f,  eroaa  ovar  (aaoothly)  to 
tha  ehaanal,  pracada  up  thia  ehanaal  aad  ara 

abaorbad  by  tha  targat  la  a aaooth  rata.  Ubaa 
tha  aourea  la  aabauatad,  than  tha  two  row  flald 
abawa  It  will  ba  tha  aaxt  aourea  flald  and  that 
it  aatarn  tha  eaaputatlon  aaoothly.  Uhaa  tha 
targat  fllla,  tha  aast  two  row  flald  baaaath  It 
baeaaia  tha  aaw  targat  and  that  It  doaa  so 
aapathly.  MaanahUa.  tha  1 (0)  flald  wUl  ro- 
■ala  eamtaat  I'a  (O'a).  riaally,  during  tha 
Itatatlon  atapa  tha  A|  flald  (Bj  flald)  will  bo 

coaatant  I'a  (O'a). 

Dafbtitian;  A flald  la  aald  to  mifomly  omit 
amm  (uao)  If  It  dallvars  a 1 to  a flsad  eall  of 
tha  flald  on  altarMtlag  stapa  latU  It  Is  an* 

hauatad. 

* flald  la  aald  to  toii/omlp  ebaotb  cmaa 
{mam)  If  It  aeeopta  I'a  fron  a flaad  eall  of  tha 
flald  an  altaraatlsg  stapa  imtll  It  la  flUad. 

JHasBidt:  Tha  strongar  proparty  will  ba  uaad  that 
uao'o  sale  i'a  only  orlglaally  la  tha  flald  and 
aaa'a  will  atora  tha  I'a  oaly  withla  tha  flald. 

A flald  la  aald  to  untfomly  tranamit  aaaa 
If  it  aowss  I's  froa  a flsad  eall  to  a flsad 
eall  aueh  that  I's  ara  abaorbad  (aalctad)  oa  al- 
tatutlng  atapa. 

fmet  i:  Tha  flrai  step  of  the  eonputatlon  lat 


fart  1:  Tha  slaos  and  Initial  states  of  tha 
fields  ara  as  follomi 

Boarea  > all  I's  > 2sk 
targat  • all  O'a  • 2ak 
- all  I's  - k-lsl 

B|  * all  O'a  ■ k*2>l 

ft  • «2,0>  • 1*2  at  eoordloatas 

(ktl,ktl)(ktl,kt2) 
Aj  - all  I's  - k>l 

B,  - all  O'a  - k*l>l 

1 - all  I's 
0 all  O'a 

/art  t:  Tha  dlraetlonallty  at  tha  flalda  la 


Oats  tha  eonflgwratlon  of  TABCCT  la  the  basis 
stag  In  the  follawlng  lama. 

. 

lama  1:  Targat  wlfaraly  absorha  onaa  pra- 
vMad  I's  am  lailforaly  aalttad  froa  B^. 
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Proof: 

Oalaf  dlcaetloBality  (Fact  2),  argua  ta 
we  atapa  aack  bp  lAlucctaa. 

•tap  li  till  tap 


Proof: 

■p  Lawa  4t  Aj  will  ba  a uaa.  lOntCt  aalta 
ftaa  upper  right  band  catnar.  Q 

Corolla^  1:  (at  I awaa  3 A 4)  F la  a uta, 

thraugb  atap  k.  * 

Corollaiy  t:  (at  Laaaa  2)  g^  la  a uaa,  thraugb 

atap  k. 

Corolla^  3:  (at  all  laaawta)  I and  0 ara  earn- 

ataat  through  atap  k. 

tawau  d;  Attar  k atapa  (praaahla)  tha  eaaflgur- 
utloa  lat 


gtap  2:  till  battaa 

*>F»«th 
traa  Step  1 


Applp  laaBaa  and  corallarlaa.  Q 

Itomcaic:  The  cewutatloa  la  "atabla"  haraatter 

wtll  tha  lataractlea  eoaplaiaa*  Tha  bahavlar 
la  aa  tellauai 

Source  la  ueo 
Aj  la  uta 

F la  uta  (bp  k aevaa) 

■|  la  a uta 

target  la  a uao. 

Ha  aaw  argue  the  behavior  of  F and  thea  daacrlba 
Itaratloa. 

Cdiaaa  7:  Aa  loag  aa  Aj  la  a ueo  and  S^  la  a uaa, 
thaa  F la  a uta  wtll  k aovea. 

Proof: 

•p  laaaa  t aad  hppothaaaa  at  lewa,  wa  aap 
■aaaldar  aalp  tha  local  bohavlar  which  la  laltl- 
allpt 


vwa  a uo 

tomm  i:  Durlag  atapa  2 through  k,  H uaa  traa 
Ua  tap  paaltlaa. 

Proof: 

Slace  I’a  la  H have  a 0 la  thaa  the  Xeaa- 
raju  aavo  takaa  pracadoaca.  gp  1 iwa  1,  target 
caa  abaatb  tha  I'a  (alfetalp  aa  tha  altanutlag 
aaguaaca  laa*t  brokaa.  □ 

Pomook:  g actuallp  aalta  all  I'a  curroatlp  la 

■ at  atap  I bp  thla  arguaaat,  but  wa  ara  aalp 
caacaiaad  with  tha  praaafcla  aevaa* 

laaaa  i:  Wrlag  atapa  2 through  k,  Aj  uao  pra> 
vldad  F_  woo. 


Proof: 

Siaca  tha  alaaaata  at  A^  altataata  chap 
will  fill  A|  olaca  cbo  Kaaaraju  aava  takaa  pro- 

cadoaca  provided  thap  caaaac  aacapa*  *P  dlroe- 
Claaalltp  (Fact  2)  aad  lomo  2 thla  caaaat  hap- 


«tth  dlractlaaalltp 
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Hm  trMalctaaa  ara  (glvaa  Aj  la  uae  and  a^-  uao) 
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kraoch 

ataa  (odd)  (ovod)  (odd) 

toot  I.’  AC  atap  k,  targat  cootalna  t-»l  oaaa 
aad  aoureo  haa  aaletod  t-1  oaaa. 


Xho  thraa  craaatcioa  rowa  will  ba  flllod  la  cha 
eoaelualea. 


Total  atopa  ta  coaclualoa  - iCAk-l)^! 

by  Laaaa  7 

. - Sl^tlltl 

a - 16tMllt9  a 

4.  Otkai*  /iklaa 

la  thla  aoetloa  wa  praaaat  two  furchar 
rulaa  and  ahow  (op  ratbar  akaceh)  that  thay  both 
ragulro  ea^  tlaa  Ig  cha  worat  caaa  to  aort. 

la  tho  drat  aoc  of  rulaa  wa  cooaldor  chat 
ika  array  la  orgaalaad  aa  a eylladar  (aaa  rigura 


Oafinittm:  k 
gat  la  (Iliad. 


tho  I'a  will  atraaa  ualfocaly  Into  targac  uacll 
It  (111a.  Ha  ara  aaoklag  to  ahow  chat  oaeo  tar 
got  la  (Iliad,  a aaw  oao  la  atartad  without 
broaklAg  cadancot  and  aoalogoualy  for  aoureaa. 
■oforo  cha  actual  argiaaoc  wa  drat  dlaeuaa  tha 
tlalag  la  aaclclpatloa  of  tha  coaplaalcy  argu- 
aaata  latar. 

tmvu  i:  Targac  roqulraa  4k*2  atopa  to  (111 
(roa  ita  Initial  eo^lguratlon. 

, 

Tha  Initial  eondguraclen  la  [i  1 

A total  o(  2k  I'a  ara  ragulrad  o(  which  oao  la 
praaaat.  It  cakaa  2 atopa  to  oach  1. 

2(2k*l)  * 4k-2  □ 

Mmark:  laca,  lalcially  1 atop  la  roqulrad  ta 

gat  la  "phaao." 

tmmm  0s  I(  l|  la  oco,  thaa  oa  cha  atap  that 

targat  la  (Iliad,  a aaw  targac  la  dodaad  wd 
la  Initial  coadguraclon. 

Pro»f! 


data  llaa 

tiffur*  0:  Tho  eylladar  array. 

Oao  eeluaa  la  dlatlagulahod  aad  la  eallod  tho 
data  Un».  Tho  rulaa  ara  than  bubbla  If  you  cm 
othaiwlao,  ahlft  to  tha  lafe  If  you  can  (juat  m 
boforo).  la  addition,  wa  add  a aaw  rulos 

A 1 can  wrap  around  (aoo  dgura  3),  l.a., 
eroaa  tha  data  llaa  going  to  tha  lo(t  pro- 
vldod  tho  poalcion  a la  a 0. 

ddata  llaa 


dgaiw  1;  Pm  rula. 

Tho  ratloaala  bahind  thla  rula  la  that  It  aoaaad 
to  allow  tha  array  to  break  up  larga  bloeka  of 
I'a  that  ara  packed  to  tha  loft  aa  la  tha  Koaa- 
raju  eouncaraaaapla.  Howavor,  tbU  U not  tha 


'A  aaw  target  la 


2kaot«ia.’  Tha  eylladar  achoaa  regulrea  ea*  (c>0 
eagotaac)  la  worat  caaa. 

He  will  oolt  cha  proof  of  thla  chooioo  and 
rogark  only  chat  It  la  baaad  oa  tho  oaaaplo 


rtaally.  the  final  eaadgwratlaa  la  not  roaehod 
wtll  an*  atapa  (e>0  eonacaat). 

Itoaa/f 

lha  caacloalaa  baglaa  aftor  t Itoraclaaa, 
lAoro  the  drat  Itaratloo  caotalaa  tha  proaablo 
atapa.  lha  acaco  at  caaclualon  U 


ikoiw  that  tb*  tlaa  ra^iantf  is 

Osr  thlH  Mt  of  culoa  io  ooo  boaao  -oo  • 
oat  of  taurehaata  nilaa  4iia  to  riojrd  Cl].  Wt 

aaataa  Chat  a la  od4  aad  «a  oparata  oa  tha  array 

aa  falloiiat 

Stsp  1:  Apply  loft  (rtphc)  FloyA  ralao  to  o44 
(oaaa)  ro«a. 

Map  tt  Apply  up  riayf  ruloa  to  eoluHM. 

5Aap  J;  A^ly  riph*  (loft)  Ployd  ntlaa  to  add 
(ouaa)  roua. 

Map  dr  lapaat  atop  2. 

Iha  rlpkc  daft)  Floyd  tula  iai  a 1 eaa  latar- 
chaapa  with  a 0 that  ta  to  Ita  laft  (rlpht). 

Tha  up  uaraloa  la  daflaad  la  a alallat  Maaav. 
Ibaa.  tha  laft  Floyd  oa 

01010111 


10101011 
aad  tha  rlM*  Olayd  ta 

OOlOllll. 

Althaaph  thaaa  lulaa  aaa  laaa  local  thaa  oap 
paaulaua  oaaa.  thay  ooffaa  tha  aaaa  fatal 


Ibaaaia. 


Tha  ahaua  aat  af  talaa  aorta  la  ttaa 

(e>0  eaaotaat)  la  worat  caaa. 


Apala  vo  oalt  tha  praaf  aad  juat  coaark 
that  It  la  haaad  aa  tha  aaiapla 
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